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1 Eigenvectors. Eigenvalues

Last lecture we saw, that in order to find vectors, “stretched” by the operator with matrix A,

we need to solve the characteristic equation
det(A — AI) =0, (1)

which will give us different \;’s — coefficients, showing, how the vectors are changed after

applying the operator. Now we will give the following definition.

Definition 1.1. Let V' be a vector space, and let A be a linear operator in vector space V.
Then the vector x is called eigenvector of the operator A is there exist a number X, which is
called ergenvalue such that

Ax) = Az.

So, our goal is to find eigenvectors, since the following proposition holds:

Proposition 1.2. Let V' be an n-dimensional vector space, and A be a linear operator. Then
if there are n linearly independent eigenvectors, then the matrixz of A is diagonal in the basis,
consisting of eigenvectors.

So far we know how to find \;’s — eigenvalues of the operator. In order to find eigenvectors,
we need to solve the system

for every found eigenvalue ;.

We will give an example of computing eigenvalues and eigenvectors.

1 -3
Example 1.3. Let A = (1 . ) Let’s compute its eigenvalues and eigenvectors.

A\ — 1-XA =3
1 5—A



det(A—M)=(1-N((5-X)+3
=5—6A+A\+3
=\ — 6\ +38.

The roots of this equation are \y = 2 and Ay = 4. Now we’ll find eigenvectors corresponding to

these eigenvalues.

A = 2. Let’s subtract \’s from the diagonal. We’ll get the following matrix, and the system:

-1 -3 -r — 3y = 0
1 3/ r + 3y =0

From this system it follows that x = —3y, so each vector of the form (—3c,c), i.e. (—3,1)

1s an eigenvector corresponding to the eigenvalue \ = 2.

A = 4. Let’s subtract \’s from the diagonal. We’ll get the following matrixz, and the system:

-3 -3 —3r — 3y = 0
1 1) r + y =0

From this system it follows that x = —y, so each vector of the form (—c,c), i.e. (—1,1)
15 an eigenvector corresponding to the eigenvalue \ = 4.
So, in the basis, consisting of the vectors €} = (=3,1) and e, = (—1,1) the matriz of the

corresponding operator has form
2 0
0 4

Now we can check our formula D = C~*AC, where D is a diagonal form of the matriz, and C

is a change-of-basis matrixz. We have
-3 -1 —-1/2 —1/2
C — ’ Cfl — / / ,
1 1 /2 3/2
50

-l Ac - (—1/2 —1/2) (1 —3) <—3 —1) _ (—1 —1) (—3 —1) _ (2 0)‘
12 3/2)\1 5)\1 1 2 6 )\ 1 1 0 4

In the same way we can compute eigenvalues and eigenvectors for larger matrices, but it
will require solving equations of degree higher than 2. Since we don’t have formulae for such

equations, we should guess roots of the characteristic equation.



2 Properties of eigenvectors of an operator

Before start studying properties of eigenvectors and eigenvalues we will recall some definitions.

Let V' be a vector space, and let A be a linear operator.
Definition 2.1. The vector x is called an eigenvector of A if there exists number \ such that
Ax) = Az.
Such number X\ is called an eigenvalue.
To determine eigenvalues we used characteristic polynomial.
Definition 2.2. Let A be a square n x n-matriz. The characteristic polynomaial of A is
pa(A) = (=1)"det(A — X)) = det(A — A).

We will prove in the next theorem 2.4, that it is uniquely defined by an operator, i.e. if we
take two different matrices of operator, the characteristic polynomial will be the same for both
of them.

Remark 2.3. (—1)" before determinant is needed to have positive sign before A" in the poly-
nomial. But sometimes we will omit (—1)" before determinant. We need only roots of this

polynomial, so change of the sign doesn’t affect them.

If we have an operator, we may wish to define a characteristic polynomial of it as a charac-
teristic polynomial of its matrix in some basis. The problem is that we don’t know which basis

should we choose. The following theorem shows that the choose of basis doesn’t matter.

Theorem 2.4. If A and B are 2 matrices of a linear operator, i.e. there exists an invertible
matriz C' such that
B=C"1AC,

then characteristic polynomials of A and B are the same.

Proof.

— det(C™TAC — CT'AIC)

= det(C~Y(A = AI)C)
=det((A - \)CC™)
= det(A — \I)

= pa(A)



This theorem allows us to define a characteristic polynomial of the operator without choosing
a particular basis.

Now our goal is to understand whether the operator is diagonalizable or not. Of course we
can compute its eigenvalues. If there are n different eigenvalues, then the following theorem
will show us that in this case there will be n linearly independent eigenvectors, and the basis

with respect to which the operator is diagonal is just a basis, which consists of the eigenvectors.
Theorem 2.5. Figenvectors corresponding to different eigenvalues are linearly independent.

Proof. The proof goes by induction. Let Ay, Ao, ..., A\x be eigenvalues and corresponding eigen-

vectors are linearly independent, i.e. if ey, es, ..., e, are eigenvectors such that A(e;) = \;e; for
alli=1,...,k, and
d1€1+d262+"'+dk€k:0

then d; = 0 for all 7’s.
Let we add another eigenvalue A1 and corresponding eigenvector ey 1, such that A(egy1) =
Mer1€ri1- We'll prove that vectors eq, es, ..., e, er 1 are still linearly independent. Let’s con-

sider a linear combination of them which is equal to O:
cre1 + coeg + -+ + cpep + crrepr = 0. (3)
Now we can apply a linear operator to both sides of this equality:
A(crer) + Alcaes) + - - + Alcrer) + A(cki1€x+1) = 0.
This is equivalent to
ciA(er) + coA(es) + - - - + crAler) + cpr1A(ers1) = 0,
and since they are eigenvectors, i.e. A(e;) = \;e;, we have
ciA1e1 + cadgeg + - + cpAper + i1 Apr1€re1 = 0. (4)
Now, let’s multiply the equality (3) by Axi1, and subtract from (4). We’ll have:
(N — Agyr)er + c2(Ag — Aggr)es + - -+ + (A — Mgr1)er = 0.

(note, that we don’t have term with ey, ; anymore!). But A\gyq # N, i =1,..., k. So, if ¢; # 0,

for all ¢’s, we got a nontrivial linear combination of ey, es, ..., e, which is equal to zero, and
vectors eq, €g, . .., €, are not linearly independent. But they are linearly independent! Thus, all
¢;’s are equal to 0, and vectors ey, es, ..., e, exy1 are linearly independent. Il

So, now we can specify the main corollary of this theorem.

Corollary 2.6. Let A be a linear operator in the space V. If the characteristic polynomial
of A has n different roots, then A is diagonalizable with respect to basis, which consists of

ergenvectors.



Now we will see, that even if there are no n different roots, then there may exist a basis of

eigenvectors.

1 1—A
Example 2.7. Let A = 0 . Then A — M\ = 0 , SO
0 1 0 1-2A

pa(h) = (A - 1%

Thus, there exist only one eigenvalue A = 1. Subtracting A = 1 from diagonal elements of A we
get zero matriz. So, each vector is an eigenvector of A, and thus of course there exists a basis,

consisting of eigenvectors, i.e ey = (1,0), and es = (0, 1).

11 1—A 1
Example 2.8. Let A = . Then A — M\ = , SO
0 1 0 1-2A

pa(h) = (A - 1%

Thus, there exist only one eigenvalue X\ = 1. Subtracting X = 1 from diagonal elements of A

01
we get (0 0). The corresponding system is

Ol’l + X9 =0
OZEl + O{L‘Q =

So, there are no 2 linearly independent eigenvectors, because all eigenvectors have form (c,0).

So, there is no basis, consisting of eigenvectors, and thus this operator is not diagonalizable.

3 Formulae for the characteristic polynomials of 2 x 2-

and 3 x 3-matrices

b
Let A = (a d) . Then the characteristic polynomial is equal to:
c

a—XA b
c d—A

=(a—AN)(d—=X) —bc

=M — (a+d)\ + (ad — be)

=2 — (tr A)\ + det A.

det(A—AI) =

Recall, that by tr A we denote the sum of diagonal elements of A, trace of the matrix A.



In the same way we can get a formula for the characteristic polynomial of a 3 x 3-matrix.

Here, by Aj1, A and Asz we denote the cofactors of aq1, ase, and ass correspondingly. So, if

a b ¢
A=1d e [,
g h 1
then we have
e f a c a b
A - 9 A - ) A - 9
11 no 22 ‘g ; 33 d

and the characteristic polynomial is equal to

pa(A) = X — (tr AN + (A11 + Agp + Azz) A — det A



